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A theoretical solution of the problem of the determination of position of
a moving object by means of gyroscopes, accelerometers, and integrating
devices was presented in [1 ], The scheme of combining the computed ele-
ments as shown in [1] could be modified in many different ways. This

work presents one of the variants of a somewhat different solution of the
above problem with the use of the properties of Geckeler’s gyrocompass.
The exact theory of Geckeler’s gyrocompass is given in [2]*. This variant
of a solution of the problem of an autonomous determination of position
of an object moving on a spherical earth requires the use of a directional
gyroscope and of a device integrating a system of three nonlinear diffe-
rential equations of the first order. As far as these equations are con-
cerned, the mathematics of the problem remains in principle the same as
in[11].

1. A discussion of the basic properties of the sensing element** will
introduce the main subject (Fig. 1). We shall assume a spherical earth,

* In this connection the publication of Fox [3 ] should be mentioned,
where, by means of a complicated gyroscopic system, also containing a
gyrocompass, essentially the same problem is solved from the measure-
ments of gyroscopic reactions.

** And also the sensing element of a twin vertical gyroscope described
in[4].
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a central field of gravitation, and some initial conditions orienting the
sensing element and furnishing the angle 20  between the axes of spin of
the two gyroscopes in the gyrocompass. If the suspension point of the
sensing element remains on the earth’s surface, then the line joining the
suspension point with the center of gravity will always pass through the
center of the earth. Moreover, the vector sum H of the angular momenta
of the two gyroscopes of the sensing element will always remain perpen-
dicular to the velocity vector of the suspension point moving with res-
pect to a stationary sphere S, whose center coincides with that of the
earth and which has the same radius as the earth.* Finally, the magnitude
of the velocity of the suspension point v is related to the angle between
the axes of spin of the sensing element in a space gyrocompass by the
formula

2B coss = mav 1
where B is the angular momentum of each gyroscope, m is the total mass

of the sensing element, and a is the distance between its center of
gravity and its suspension point,**

2. From the above properties of a space gyrocompass it follows that
if the suspension point of the sensing element is fixed with respect to

* The introduction of such a sphere, a kind of "nonrotating earth", is
very convenient and helpful in a great number of problems on the
theory of gyroscopes (see [1], [2 1. 041, [ 1),

** It can be shown that any twin gyroscopic device with its center of
gravity elsewhere than in [2 ] or [4 ] possesses identical properties
if: (1) the center of gravity of its sensing element is in the plane
containing the suspension point which is perpendicular to the vector
sum of angular momenta of the gyroscopes; (2) the distance ¢ from the
suspension point to the center of gravity is the same as in the space
gyrocompass of Geckeler [ 2 ] or in the twin vertical gyroscope [4].
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the earth’s surface, then the vector sum of the angular momenta of the
gyroscopes, H, is directed exactly North.

In this case we have
v=RU coso (2)

where ¢ is the geocentric latitude, R is the earth’s radius, and U is the
earth’s angular velocity. From (1) and from (2) we can detemmine ¢ when
the angle between the axes of spin of the gyroscopes is known.

When the suspension point is not fixed with respect to the earth’s
surface, and moves, we cannot determine the direction of a meridian and
the latitude from the readings of a space gyrocompass only; we must in
addition know the velocity vector of the suspension point with respect to
the earth's surface.

3. We shall now consider a new variant of the theoretical solution of
the problem of determining the position of a moving object. Let the
origin of an orthogonal coordinate system xyz coincide with the suspension
point of the sensing element, the y axis be along the vector sum H of the
angular momenta of the gyroscopes, and the z-axis be along the line join-
ing the center of gravity of the sensing element with its suspension
point (Fig. 2).

Fig., 2.

From the properties of a space gyrocompass it follows that the x-axis
must be directed along the velocity vector of the suspension point with
respect to the fixed sphere S, and the z-axis along the radius of this
sphere, *

Let w'be the angular velocity vector of the sensing element with res-
pect to the fixed sphere S (or the angular velocity vector of the co-

* It should be mentioned that a local vertical coincides witth earth’s
radius only on the equator and on the poles (at the latitude of 45°
the discrepancy reaches 7°). Thus, in general, the xy-plane would not
be horizontal in the ordinary sense, and its proper name should be
*the plane of the geocentric horizon®,
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ordinate system xyz with respect to any inertial coordinate system, say
‘(: *Tf * é’ *

It is seen from Figure 2 that the x, y and z-components of the vector
w are

e = 0, Oy = 0 = — = Q(t) 3)
n Py

Thus, the x-component of @ is known and equals zero. The y-component

could also be regarded as known; it is determined through (1) when the

information on the value of the angle 2¢ between the axes of spin of the
gyroscopes 1s continuously supplied.

The vertical component z of w (strictly speaking, the radial compo-
nent), also depends on the geodesic radius of curvature*® of the trajectory
traced by the suspension point on the fixed sphere S; hence 1 (t) is an
unknown function of time.

4. Let £, 5, { be an orthogonal coordinate system with the origin at
the suspension point, the {-axis along the radius of earth, the n-axis
along the tangent to the meridian directed north, and the {-axis along
the tangent to the parallel directed East,

Let u be the angular velocity vector of the coordinate system &, 7, (,
with respect to the inertial system ¢ *5 *¢ * 7 The &, n, and { components
of u are expressed [7 ] by the faniliar formulas

Ur = —

- VE VE .
ST Uy = 5+ Ucos¢, uy - ~j;-tang -+ Using (4)

Here ¢5 is the latitude**,and Vy and V. are the northern and the eastern
components of the velocity of the suspension point with respect to the
earth’s surface.

After substituting [7 ] the equations

%(%, VE::]{cosqoﬁ)i (D)

-
V= dt

* Geodesic curvature at a given point of a curve lying on a surface
equals the curvature of the projection of the curve on a plane tangent
to the surface at the point under consideration.

** The latitude ¢ is the geocentric latitude of a point. It differs from
a geographic latitude by the magnitude of the angle between the local
vertical and the earth's radius erising from the earth’s rotation,
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in (4) the components of u will have the following form

— %11 , Uy = (U + %) cos ¢, Uy = (U + %:\—) sing (6)

ugz

where A is the longitude.

5. Let @ be the angle between the x-axis and the {-axis, where x be-
longs to the xyz system moving with the sensing element and ¢ belongs to
the £, 1, { system moving with the earth. It is easily seen that the
angle 6 is the so-called angle of deviation of gyroscope [7]. It is
obvious from Figure 3 that

PO
189 = g Cos @ + V, O

D(Nord)
9

We repeat that the angle 2(t) cannot be determined with the gyro-
compass only. Formula (7) is not very convenient to determine the angle
¢; we will therefore use an equivalent but more convenient formula

v
. — ——_-y——— 8
sin & RU cos g 8)
Here V_ is a projection of velocity V on to the direction of the
vector of kinetic moment H (y axis). In navigation, a log and a knowledge
of the map ocean currents are essential for this purpose.

6. Moreover, the angular velocity vector u (of the geographic coordi-
nate system £, 7, { with respect to the fixed sphere S), and the angular
velocity vector @ (of the coordinate system xyz moving with the sensing
element) differ only in their &- and z-components (the axes & and z co-
incide). This difference (Fig. 3) is expressed by

d9
W, == U, + b (9)
From this statement it follows that
Ug = - g COS Y — @y sin B, Uy = g SIin Y + w, cos I, U = , —%‘:i (10)
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Using formulas (3), (6), and (10), we obtain

de v dA v dry . dd

g sin &, (U—{» EF) €08 @ = -f €08 &, (U»}- W}smgo: Q1) — & (11)
If Q(t) were a known function of time, then (11) would represent a

system of nonlinear differential equations of the first order for the

dependent variables ¢, A, and 6.

7. Determination of function Q(¢) requires in addition a directional
gyroscope (Fig. 4), or some other gyroscopic device, like twin gyroscopes
in a gyroazimuth (Fig. 5). In the case of a directional gyroscope we
will use instantaneous values of the angle a between the x-axis (which
moves with the sensing element), and the nomal, v, to the outer ring of
the directional gyroscope (Fig. f).

U\

Fig. 5.

In the absence of friction in the casing axis of the directional gyro-
scope and the vanishing of the unbalancing moment of the system con-
stituted by the casing plus spinning wheel about the axis of spin, the
component of the angular velocity of the outer ring along the axis of the
outer ring vanishes in any position of the directional gyroscope.

In a directional gyroscope the spin axis is always in a plane perpen-
dicular to the plane of the outer ring, owing to a specially introduced
moment about the axis of the inner ring. For our purposes the axis of the
outer ring of the directional gyroscope should coincide with the radius
of the "Earth" containing the suspension point of the sensing element of
the space gyrocompass. This can be achieved through special recording
devices which connect the sensing element of the space gyrocompass with
the base of the directional gyroscope. Then the angular velocity of the
sensing element and the angular velocity of the outer ring of the direct-
ional gyroscope will differ only in their z-components (that is in their
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components along the earth’s radius),
Consequently we obtain
0, = (1) = ng (12)
and the function Q(t) = @, becomes known.

8. The system of differential equations (11) could be transformed into

7 sin 9 ds rloe_ v cos S to dr v cosd
de RO di — dt OV dt — R cose

—U (13)

where each equation is solved for the time derivative of the unknown de-
pendent function ¢, 8, and A respectively.

The first two equations in the above system can be integrated inde-
pendently of the third one. Hence, with initial conditions for ¢ and 6,
the corresponding integrating device will continuously compute the lati-
tude and the velocity correction for the gryocompass, and in this way the
direction of the meridian is obtained without knowing the velocity of the
suspension point with respect to the earth’s surface.

When ¢ and 6 have been computed, the last equation in (13) is easily
integrated, yielding the latitude A as the function of the initial lati-
tude,

Thus the problem of the autonomous determination of position of a
moving object is solved,

9. A space gyrocompass will obey the laws stated in [11, if the initial
conditions are exactly those given there, Suppose that these conditions
are not exactly satisfied. It was shown in [2 ] that in such a case the
sensing element of a gyrocompass would perform small oscillations about
the axes of the Darboux natural coordinate system x°y%z0 in which the x°-
axis is along the velocity vector v of the suspension point with respect
to the fixed sphere S, the z%-axis along earth’'s radius, and the yo
follows from the orthogonality.

Besides, the angle 2Z¢ between the spin axes of the gyroscopes in the
sensing element would also perform small oscillations about the value 2¢
as given by formula (1), All these oscillations could be determined with
great accuracy through superposition of two simple harmonic oscillations
with frequencies v/ g/R + U sin ¢, (U sin ¢ is the vertical component of
earth’s angular velocity). Geckeler [8 ] mistakenly assumed that these
frequencies equal so-called Schuller’s frequency \/ g/R = 0.00124065 sec™.

It can be shown that while the oscillations of the z axis (moving with
the sensing element of the space gyrocompass) have little influence on
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errors in angle @, the torsional vibrations of the sensing element about
the z axis affect a considerably.

Thus, the integrating device, instead of receiving the true values of
Q(t) and v, receives data determined from the actual angle between the
spin axes of the gyroscopes in the space gyrocompass according to formula
(1), and from the instantaneous angle between the compass and the gyro-
azimuth, An estimate of errors in coordinates of a moving object as ob-
tained in this case from the integration of the equations (10) is an im-
portant practical problem deserving a special investigation.
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